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Value at Risk application to FSD portfolio efficiency
testing
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Abstract

The paper deals with efficiency testing of a giyemtfolio with respect to all other portfolios
that can be created from the considered set ofsasHee efficiency is based on the first order
stochastic dominance (FSD) relation. A necessady safficient condition for the first order
stochastic dominance criterion is expressed indavfrivalue at Risks (VaRs). Consequently a
FSD portfolio efficiency test based on VaRs is falated. Contrary to the usual case, a general
discrete distribution of portfolio returns is asadrnwhat makes the test computationally more
demanding comparing to the equiprobable scenasmse.cTherefore we present a tractable
reformulation of this test that turns constraintsM@Rs into classicahixed-integer nonlinear
programming problem.
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1. Introduction

The basics of decision-making theory were preseiethe seminal work of Harry
Markowitz (1952). He identified two main componeatgortfolio performance, mean return
and risk represented by variance. Applying a singaleametric optimization model (mean-
risk model) one can find the efficient frontier.tims case, the portfolio is seen as efficient if
there is no better portfolio, i.e., a portfolio v higher mean and smaller variance. Later on,
the theory of mean-risk models has been enricheathgr risk measures, for example,
semivariance, see Markowitz (1959), Value at Ri8&R) or Conditional Value at Risk
(CVvaR), see Pflug (2000), Rockafellar and Uryast90g@).

Alternatively, a decision-making rules may be baeadutility functions (von Neumann,
Morgenstern (1944)) instead of risk measures. ddseto maximizing expected utility
problems where investor's risk attitude is describby an utility function. If the utility
function is perfectly known, one can find the omlrdecision. If that is not the case, one can
at least identify the set of efficient portfoliodthv respect to all utility functions, that is,
assuming only non-satiation for the investor's gnafices. It leads to the first-order stochastic
dominance (FSD) relation (see Levy (2006) and esfees therein). Applying this relation, a
given portfolio is classified as FSD efficient lifetre is no other FSD dominating portfolio. On
the other hand, a given portfolio is FSD ineffidi#na FSD dominating portfolio exists. The
FSD dominating portfolio has the following propergvery non-satiable decision maker
prefers it to the given portfolio. Under assumptiohequiprobable discrete distribution,
Kuosmanen (2004) presented a mixed-integer prodpamesting whether a given portfolio is
FSD efficient or not. An alternative approach taDF&fficiency was introduced in Kopa and
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Post (2009) where a given portfolio is classifisdRsD efficient (optimal) if it is an optimal
solution of the maximizing expected utility probldan at least one utility function.

Simultaneously, the second order stochastic dom@aelation (SSD) and its application
to portfolio efficiency were extensively studied the last ten years. The second order
stochastic dominance criterion offers a relevanl for portfolio efficiency analysis if we
consider only risk-averse and risk neutral decismakers. The corresponding portfolio
efficiency tests were introduced and applied tarice data in e.g. Post (2003), Kuosmanen
(2004), Kopa and Chovanec (2008), Kopa (2010), Poyé and Kopa (2011), Branda and
Kopa (2012), and Lizyayev (2012).

In this paper we limit our attention to portfoliffieiency testing with respect to the first
order stochastic dominance. We follow Kuosmaner®420n the FSD efficiency definition.
However, contrary to Kuosmanen (2004) we expressstbchastic dominance criterion in
terms of Value at Risks. Moreover, we assume argédescrete distribution of returns rather
than the equiprobable scenarios as in Kuosmanef4)j2@irstly, we recall a general
expression of FSD relation and then we apply ith® necessary and sufficient condition
formulation. Finally, we reformulate it in the foraf a mixed-integer nonlinear program that
is computationally more tractable.

The remainder of this paper is structured as falo@ection 2 presents, basic notations,
definitions and formulations of FSD relation. Ittses on the VaR expressions. It is followed
by the necessary and sufficient condition for FSitfplio efficiency. Section 4 presents a
tractable reformulation of FSD portfolio efficientgsts.

2. Preliminaries

Let us consider a random vectoe= (rq, 15, ...,1,,)" of returns ofn assets with discrete
probability distribution that take3 scenarios with probabilitiep = (pq,p,, .- pr). The
returns of the assets for the various scenariogiaes by

wherex! = (xi, x5, ..., xt) is thet-th row of matrixX. We will usev = (v, vy, ..., v,)" and
w = (wy,w,,...,w,)" for the vectors of portfolio weights. Throughaiie paper, we will
consider a compact convex set of portfolio weighits

For any portfoliov € W, let (—Xv)!¥! be thek-th smallest element g-Xv) , i.e.

(=xv)M < (=xv)l& < ... < (=xv)I"! and letI(v) be a permutation of the index set
I=(12,..,T) such that—x!Mv = (—Xv)li for all i € I. Accordingly, we can order the
corresponding probabilities and we derplfe= p; (). Hencep} = P(—rv = (—Xxv)[).

Moreover, we consider cumulative probabilitied:= >;_,p;!, s = 1,2,...,T. The same
notation is applied for the tested portfolioe .

Under these assumptions and notations, the gemefialtion of Value at Risk of portfolio
w € W at levela can be reformulated as follows.

Definition 1:
Let sbe the index satisfyingl_, < a < qy. Then:
VaR,(—rw) = (=Xw)[s],
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Fora = 0 we defineVaR,(—rw) = (—Xw)[ in order to hav&aR ,(—rw) (as a function of
a) right continuous in zero. We start our efficieranalysis with definition of pair-wise com-
parison between two portfolios.

Definition 2:
We say that a portfoli® € W dominates another portfol € Wwith respect to the first
order stochastic dominance if:
P(—rv < 60) < P(—rw < 0) for all & € R with strict inequality for at least orte€ R.

In financial applications FSD relation allows us itwcorporate random benchmarks
(defined on the same probability space) insteafiketl thresholds. The FSD relation can be
alternatively verified as follows:

» portfolio v FSD dominates portfoliav if and only if Eu(rv) = Eu(rw) for all utility
functionsu with strict inequality for at least some provided the expected values
above are finite, see for example Levy (2006)

» portfolio v FSD dominates portfoliw if and only ifVaR,(—rv) < VaR,(—rw) for
all ¢ € [0,1] with strict inequality for at least sonee€ [0,1], see e.g. Ogryczak and
Ruszczynski (2002).

Since we limit our attention to a discrete prohgbdistribution of returns, the inequality of
VaRs need not be verified in all € [0,1], but only in at most & particular points, see
Dupaiova and Kopa (2012) for more details and the pobdifie following result.

Theorem 1:

A portfolio v dominates portfoliow with respect to FSD if and only WaR,y(-rv) <
VaR,y(—rw) and VaR,w(—rv) < VaR,w(—rw) for all s =1,2,...,T with strict inequality
for at least ongy orq¥.

3. FSD portfolio efficiency testing

In this section we follow Dugava and Kopa (2012). We define FSD portfolio eéfiaty
and present a test for FSD portfolio efficiencyttf@uses on searching for a dominating
portfolio.

Definition 3:
A given portfoliow € W is FSD inefficient if there exists portfolme W such thav FSD
dominates portfoliw. Otherwise, portfoliow € W is FSD efficient.

This definition classifies portfoliv € W as FSD efficient if and only if no other portfoi®
better (in the sense of the FSD relation) for &tidion makers. Following Kopa and Post
(2009), Definition 3 formulates FSD efficiency imet sense of "FSD admissibility".
Alternatively, one may define it as "FSD optimalitysee Kopa and Post (2009) for more
details. In this paper we focus on efficiency apgtobased on Definition 3. In order to find a
FSD dominating portfoliw € W, we may solve the following problem:

p(w) = ming_p v Zgzl as + bs (1)

s.t.
Vang(—rv) - Vang(—rw) <a;s12..,T
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Vangv(_rV) - VaRqs‘{V(_rW) S bs) Flyz'"lT
ag, by <0,51,2...T
veW

The objective function represents the sum of diffiees between VaRs of a portfolio
v € W and VaRs of the tested portfoh® € W. The differences are considered in poiis
and q¥. The other points need not be taken into accobetauseVaR,is a piecewise
constant function inx. All differences must be non-positive and at leasé negative to
guarantee that portfoli’ dominates portfoliow. On the other hand, if no dominating
portfolio exists, that is, portfoliw is FSD efficient, them(w) = 0. Summarizing, Theorem
1 implies the following necessary and sufficientDFfortfolio efficiency test proved in
Dupaova and Kopa (2012).

Theorem 2:
A given portfoliow is FSD efficient if and only ifo(w) = 0. If ¢(w) < 0 then the optimal
portfolio of (1)v* is FSD efficient and it dominates portfoiby FSD.

4. Atractablereformulation of FSD efficiency test

Although Theorem 2 provides a necessary and seffiaondition for FSD efficiency that
can be used for testing, problem (1) cannot bectiyrsolved. One should first rewrite VaR
terms in a more tractable way. If the probabiliséscenarios are equal than (1) simplifies to:

QO(W) = minas,v Zgzl as (2)
s.t.
VaRs(—rv) — VaRs(—rw) < a,;, s1,2....T
T T

a; <0,s=1,2...,.T
veWw

Applying Definition 1, the VaR constraints can leformulated using permutation matrix
what directly leads to the Kuosmanen test. Unfately, under assumption of general
discrete distribution of returns, all four VaR texiaR ;y(—rv), VaR gy (—rw), VaR jw(—rv),
VaR,w(—rw) must be equivalently rewritten using auxiliary éger) variables and
constraints. Without loss of generality, prior &sting, we increasingly order the vectors of
scenarios according to losses of the tested partiolsuch that—x‘w = (—Xw)[ for all
i=12,..,T. It allows simple calculation dfaR,w(—rw) becauseVaR,w(—rw) = —x'‘w.
Moreover, the following theorem can be applied &R ;»(—rw) reformulation.

Theorem 3:
For anya € [0,1] and any portfoliow € W :

VaR,(—rw) = —x'wy"" + 3T (—x/w + x/7Tw)y"*

T w,a T w,a wa _wa : _ : .
where};_,y;"p; 2 a, Xj-1z " pj < aandy;"", z, j = 1,2,..,T are binary variables
. ; . W,a wa _wa wa s o_ T w,a _ T w,a
satisfying:y,”™™ = ;77,27 2z 21, j=2,..,Tand}j_z; " + 1=y, .
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Proof: The conditions on binary variables guarantee that variablesy;"“are equalto
variablesz}”’“ for all j except of suchj that q°; < a < q}". Moreover, having suc,
y"“=1foralli <j andyw"‘ = 0 else. Similarly,z”* = 1 foralli <j —1andz"* =0
else. Therefore-x'wy,"* + X _,(—x/w + x/7'w)y;"* = —x'w for i such thaig}’; < a <
qi -

Since the returns are orderedx'w = (—Xw)ll, and the rest of the proof directly follows
from Definition 1.

Applying Theorem 3 to VaRgx(—rw) is straightforward. However, before applying it to
calculation ofVaR,y(—rv) andVaR,w(—rv) one must reorder the losses of portfaliagain

in ascending order. It can be done by a permutahatrix M = {mtd-}fd-:1 and auxiliary
vector k = (kq, ..., kr)" such that -MXv=Kk and k; <k, <-- < ky. Moreover the
corresponding probabilities, can be obtained@as Having this we can again apply Theorem
3 wherek; plays the role of-x/w. Summarizing (1) can be rewritten as the followniged-
integer nonlinear problem:

T

@(wW) = min Z as + bg
ag,bg,v

s=1

S.t.

k + x'wy" + Z]T-zz(xjw — Xj‘lw)y}”’s <a;s12..T
kit + 2T o(k; — ki)Y +x'w < bg, 5=1,2..,T
-MXv =Kk
ki <kjy1,j=12,..,T—1
teame;=1,j=12,..,T
ZT 1mt] 1,t=1.2..T

Z}-‘:l)ﬁ‘y,spj = q.‘SIl j=1 p] = qs| 1ZWS + 1 = }'zly}/l’,s, Fl’z_"'T
y-w’s_y] 1 ‘”_ j—2 L T,s=12,...,T
j= 1y,”p,v_qs, J=1 “p]”_qs, 1z””+1— Ty =127

N

y —y1 1! V ] 1,]_2 T,S 1,2,...,T
Z]:lmt,]pj; t = 1,2, ,T

;N:Zg:ﬂ?t
 Obs S0.512..T
y}”’s, - ,y] z,me; €{01},),s,t =12,...,T
VEW
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Summary

Tentoclanek se zabyva testovanim eficience portfoliaeaéi ke stochastické dominanci
prvnihofadu. Vyuzitim reformulace relace stochastické damde ve tvaru porovnani dvou
VaR na fiznych hladinach, pracgipomind obecnou nutnou a pasifci podminku eficience
portfolia vzhledem ke stochastické dominanci prenfadu, ktera plati zaitpdpokladu
obecného diskrétniho roddni (Dup&ova a Kopa 2012). Vifpad, Ze scéné& tohoto
roz&kleni jsou stej pravdpodobné, tento obecny test se zjednoduSi a je alkewitni
Kuosmanen (2004) testu. Pokud sdéndejsou steghpravdpodobné, situace se komplikuje,
a proto tato prace odvozuje novou, vieme dosazitelnou formulaci tohoto obecného testu,
kterd se opira o ulohu celselného nelinearniho programovani.
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